Abstract. We prove that a Bieberbach group with trivial center is not connective and use this property to show that a Bieberbach group is connective if and only if it is poly-Z.
Introduction
Connectivity [5] is a homotopy invariant property of a separable C * -algebra A that has three interesting consequences: absence of nonzero projections, quasidiagonality, and realization of the Kasparov groups as homotopy classes of asymptotic morphisms from A to B ⊗ K without suspensions, that is KK(A, . This implies that the nontrivial part of the K-homology of C * (G) can be realized as homotopy classes of asymptotic representations {π t : G → U (∞)} t∈ [1,∞) with t → π t (g) continuous, g ∈ G, and lim t→∞ π t (g 1 g 2 ) − π t (g 1 )π t (g 2 ) = 0, g 1 , g 2 ∈ G. Large classes of amenable connective groups were exhibited in [5] , [6] , [7] .
Connectivity of a separable nuclear C * -algebra A can be characterized solely in terms of its primitive spectrum Prim(A). It was shown in [5] that the existence of a nonempty compact open subset of Prim(A) is an obstruction to connectivity. By a remarkable result of J. Gabe [10] this is the only obstruction.
A crystallographic group of dimension k ≥ 1 is a discrete co-compact subgroup of the isometry group Iso(R k ) = R k ⋊ O(k) of the Euclidean space R k . In his renowned work on Hilbert's 18th Problem, Bieberbach proved that any crystallographic group G of dimension k fits into an exact sequence
where N ∼ = Z k is a maximally abelian subgroup of G, called the lattice of G, and D is a finite group called the holonomy group. Moreover, for each fixed k, there are only finitely many isomorphism classes of crystallographic groups of dimension k and two crystallographic groups are isomorphic if and only if they are conjugate in the group R k ⋊ GL k (R), [4] . A torsion free crystallographic group is called a Bieberbach group. The orbit space R k /G of a Bieberbach group is a k-dimensional closed flat Riemannian manifold M with holonomy group isomorphic to D. Which Bieberbach groups are connective? It was shown in [5] that while any Bieberbach group with cyclic holonomy is connective [5, Thm. 3.8] , the celebrated Hantzsche-Wendt group M.D. was partially supported by an NSF grant #DMS-1700086 .
[11] (denoted here by Γ) is not connective [5, Cor. 3.2] . Γ is generated by two elements x and y subject to two relations: x 2 yx 2 = y, y 2 xy 2 = x, and fits into an exact sequence
The non-connectivity of Γ was proved by showing that Γ \ {ι} is a compact-open subset of the unitary spectrum Γ. There are exactly 10 non-isomorphic 3-dimensional Bieberbach groups. The Hantzsche-Wendt group Γ is singled out among these groups by the property that it has finite first homology group, in fact, isomorphic to Z/4 ⊕ Z/4 [19] . The first homology group
is the commutator subgroup of G. In view of the lack of connectivity of the Hantzsche-Wendt group, it is natural to ask to what extent connectivity of a Bieberbach group relates to its homology. Independently of us, Szczepański asks the same question at the end of his paper [17] . As a key step in our study of connectivity of Bieberbach groups we prove the following: Theorem 1.1. A Bieberbach group with finite first homology group is not connective.
By work of Calabi [3] (see the discussion in [16] , [19] ) any Bieberbach group G with infinite first homology group can be written as an iterated semidirect product
where either H is a Bieberbach group such that H 1 (H, Z) is finite, or H = {1}, in which case G is a poly-Z group. We use the Calabi decomposition of G in conjunction with Theorem 1.1 to prove the following: Theorem 1.2. Let G be a Bieberbach group. The following assertions are equivalent.
(i) G is connective.
(ii) Every nontrivial subgroup of G has a nontrivial center.
(iii) G is a poly-Z group.
(iv) G \ {ι} has no nonempty compact open subsets.
In general one cannot tell if a Bieberbach group is connective by just looking at its holonomy group. For instance there is a connective 3-dimensional Bieberbach group with the same holonomy Z/2 ⊕ Z/2 as the Hantzsche-Wendt group. However we have the following generalization of [5, Thm. 3.8] :
is coprime for i = j. Then any Bieberbach group whose holonomy group is isomorphic to an iterated semidirect product
Bieberbach groups with trivial center
The purpose of this section is to prove Theorem 1.1. Auslander and Kuranishi [1] showed that any finite group is the holonomy group of some torsion free Bieberbach group. Hiller and Sah [12] showed that a finite group D is primitive, meaning that it can be realized as the holonomy group of a Bieberbach group with finite first homology group if and only if no cyclic Sylow subgroup of D admits a normal complement. It follows that a finite group D is not primitive if and only if it has a cyclic Sylow group isomorphic to a quotient of D. For instance cyclic groups (including the trivial group) are not primitive but (Z/p) m is primitive if m ≥ 2 and p is prime. Let us also note that if D is a group isomorphic to an iterated semidirect product
with m i ∈ Z \ {0} and (m i , m j ) coprime for i = j, then D is not primitive since D surjects onto any Sylow subgroup of Z/m r .
There are no general classification results for Bieberbach groups. To give an idea of the complexity of this question, let us mention that the number of nonisomorphic k-dimensional Bieberbach groups with holonomy Z/2 ⊕ Z/2 and finite first homology group grows as least as fast as Ck 5 for some C > 0, [15] .
For a Bieberbach group G the following conditions are equivalent, see [12, Prop. 1.4]:
The action of G by conjugation on its lattice subgroup N has exactly one fixed point, N G = {0}. For the sake of completeness we revisit the proof of these equivalences [cf. [12] ]. The rank of a discrete abelian group L, denoted rank(L), is the dimension of the R-vector space L ⊗ Z R.
Proof. One observes that Z(G) = N G since N is maximal abelian and G acts on N by conjugation. By[2, Cor. 6.4] the exact sequence (1) induces an exact sequence
Since D is a finite group, so are the groups
Since N is abelian, this action descends to an action of D on N = Z k by automorphisms. We denote the corresponding representation by θ :
By duality G acts on N ∼ = T k by automorphisms:
This action descends to an action of D ∼ = G/N which is the dual of the action θ discussed above and is denoted by θ * : D → Aut(T k ). Let us consider the fixed points of these actions and observe that (Z k ) D is a subgroup of Z k and that (T k ) D is a closed subgroup of T k and hence it must a be Lie subgroup by Cartan's theorem. If Γ is the Hantzsche-Wendt group, the corresponding representation θ : D = Z/2 ⊕ Z/2 → GL 3 (Z) has the property that (Z 3 ) D = {0} while (T 3 ) D consists of eight points (±1, ±1, ±1), see for example [5] . The finiteness of (T 3 ) D is not coincidental. In fact we are going to see as a consequence of Proposition 2.2 that the conditions (i), (ii), (iii) from above are equivalent to the following condition which plays a crucial role in the proof of our main result.
(iv) The dual action of G on N has finitely many fixed points i.e. N G is a finite group. The rank of a Lie group K, denoted rank(K), is the dimension of any one of its Cartan subgroups. If K is abelian, then rank(K) coincides with the dimension of K.
Proof. Write θ : D → GL k (Z) for the representation defined by the inclusion map from the statement. For s ∈ D, θ(s) is given by an k × k matrix A(s) with integer coefficients. Thus D acts on Z k by v → A(s)v. The dual action maps a character χ :
This implies that there exist a finite subgroup F of T k and a connected closed subgroup T of T k isomorphic to T m for some 0 ≤ m ≤ k, such that F ∩T = {1} and K = F T. Since rank(K) = rank(T) = m and rank(H) = n, our task is to prove that n = m. Let W = {a ∈ R k : e 2πita ∈ T, t ∈ R}. In other words, W is the Lie algebra of T and its rank is m as well. If χ is the character of Z k corresponding to e 2πita , with a ∈ W and t ∈ R, the condition χ(
and therefore to
for all s ∈ D and a ∈ W. Conversely, if a ∈ R k satisfies (4) for all s ∈ D, then equation (3) shows that a ∈ W. This allows us to conclude that
On the other hand, since A(s) are integral matrices acting on free abelian groups, one verifies immediately using Gaussian elimination (or the exact sequence for Tor
In view of the previous discussion, we reduced the proof to showing that the vector spaces W and H ⊗ Z R have the same dimension. Let V be a finite dimensional vector space over a field whose characteristic does not divide |D| and let θ : D → GL(V ) be a finite group representation. If T : V → V is a linear map, we denote by T * : V * → V * its dual map. The second dual T * * identifies canonically with T . Let
satisfies P (V ) = W and θ(s)P = P θ(s) = P = P 2 , s ∈ D.
Passing to duals we obtain θ(s)
Moreover P * (V * ) = {a ∈ V * : θ(s) * a = a, s ∈ D}. By elementary linear algebra, rank(P ) = rank(P * ). Applying all this to θ : D → GL k (R), we see that the vector spaces
have the same dimension. For the second part of the statement, we invoke Proposition 2.1.
We need some elements of representation theory and use the book of Kaniuth and Taylor [13] 
It is clear that N ⊂ G χ and that there is a bijection from G/G χ onto the orbit of χ. Mackey's theory shows that each irreducible representation π ∈ G is supported by the orbit of some character χ ∈ N , in the sense that the restriction of π to N is unitarily equivalent to some multiple of the direct sum of the characters in the orbit of χ.
where g runs through a set of coset representatives.
For each χ ∈ N , denote by G χ (χ) the subset of G χ consisting of classes of irreducible representations σ of G χ such that the restriction of σ to N is unitarily equivalent to a multiple of χ. Let Ω ⊂ N be a subset which intersects each orbit of G exactly once. We need the following basic result due to Mackey, see [13, Thm. 4 .28]
The characters of G factor uniquely through G/[G, G] and hence they can be identified with the characters of H 1 (G, Z). Thus, a Bieberbach group with trivial center has finitely many characters. Proof. The proof for the Hantzsche-Wendt group Γ from [5] , with ω the trivial representation, uses an explicit calculation of the irreducible representations of Γ which is not available for an abstract Bieberbach group. Nevertheless, we can borrow some ideas from there and adapt them to the general situation.
Points are closed in G so that G \ {ω} is open [8] . Since G is compact and satisfies the second axiom of countability [8] , we only need to show that G \ {ω} is sequentially compact, [14, p. 138] . Thus it suffices to show that any sequence (π n ) n of points in G \ {ω} which converges to ω has a subsequence which is convergent to a point in G \ {ω}. In the terminology of [5] this means that ω is a shielded point in G.
Let (π n ) n be a sequence in G\{ω} which converges to ω. Since dim(π n ) ≤ |D|, after passing to a subsequence, we may arrange that all the representations π n are of the same dimension m. By Theorem 2.3 there is a sequence (χ n ) n in Ω such that, up to unitary equivalence,
For each character χ of N, its stabilizer G χ is a subgroup of G that contains N . Since D = G/N is a finite group, it follows that the set of stabilizers {G χ : χ ∈ Ω} is finite. Thus, after passing to a subsequence of (π n ) n , we may further assume that all stabilizers groups G χn are equal to the same subgroup L with N ⊂ L ⊂ G.
We are going to show that if L = G, then (π n ) n cannot converge to ω. Indeed, suppose for a moment that L = G. Then each χ n is left invariant by the action of G on N so that χ n ∈ N G .
Since N G = Z(G) = {0} by assumption, it follows by Proposition 2.2 that the group N G is finite. Therefore, after passing to a subsequence of (π n ) n , we may further assume that all χ n are equal to the same character χ ∈ N G . Then π n = σ n ∈ G χ (χ) = G (χ) and hence π n | N = m · χ for all n ≥ 1 (recall that dim(π n ) = m). Since π n converges to ω and π n | N = m · χ, it follows that ω| N is weakly contained in χ. This can happen only if χ = ω| N . One can also argue that χ = ω| N as follows. Suppose χ = ω| N so that χ(h) − ω(h) = 0 for some h ∈ N . Then a = χ(h)e − h is an element of C * (G) with a ∈ n≥1 Ker(π n ) but a / ∈ Ker(ω) since ω(a) = χ(h) − ω(h) = 0. This contradicts the assumption that (π n ) n converges to ω.
Every character of G factors through the finite group G/[G, G]. Thus there are only finitely many characters and their images are finite groups. Therefore there is a finite index subgroup K of G contained in N on which every character of G is trivial. Since π n | N = m · χ = m · ω| N , it follows that π n | K = m · ι| K and hence each π n factors through the homomorphism G → G/K whose image is finite. Since the unitary dual of G/K is finite, there are only finitely many distinct terms in the sequence (π n ) n (when viewed as elements of G). The points of G are closed and therefore (π n ) n can converge to ω only if the sequence is eventually constant and equal to ω. This contradicts the assumption that π n ∈ G \ {ω} for all n ≥ 1.
Thus it suffices to deal with the case when all the stabilizers G χn are equal to a fixed subgroup L = G. Let r = [G : L] > 1 and choose elements e 1 , ..., e r in G such that e 1 is the neutral element and G is the disjoint union of the cosets e i L. Since all of (π n ) n and hence all of (σ n ) n are of equal dimension, each σ n can be realized on a fixed Hilbert space
by π n (g)ξ = ξ(g −1 ·). Each element ξ ∈ H πn is completely determined on the coset e i L by its value ξ(e i ) since ξ(e i h) = σ n (h) −1 ξ(e i ) for h ∈ L. Consider the Hilbert space H π = H ⊕ r σ . For each n, let V n : H πn → H π be the unitary operator defined by V n (ξ) = (ξ(e 1 ), ...ξ(e r )).
Its adjoint V * n maps a vector (ξ 1 , ..., ξ r ) ∈ H ⊕ r σ to a function ξ : G → H σ such that the restriction of ξ to the coset e i L is given by ξ(e i h) = σ n (h) −1 ξ i for h ∈ L. We will replace π n by the unitary representation ρ n = V n π n (·)V * n . Let us observe that ρ n (e r ) maps (ξ 1 , 0, ..., 0) to (0, ..., 0, ξ 1 ) for ξ 1 ∈ H σ . Indeed, V * n (ξ 1 , 0, ..., 0) = ξ where ξ is supported on L and ξ(h) = σ n (h) −1 ξ 1 . Then π n (e r )ξ = ξ(e −1 r ·) is supported entirely on the coset e r L and hence V n π n (e r )ξ = (0, ..., 0, ξ 1 ). Let E : H ⊕ r σ → H ⊕ r σ be the orthogonal projection of H π onto its first summand, E(ξ 1 , ...ξ r ) = (ξ 1 , 0, ..., 0). Since ρ n (e r )(ξ 1 , 0, ..., 0) = (0, ..., 0, ξ 1 ), it follows that Eρ n (e r )E = 0 for all n ≥ 1.
Since U (H π ) is compact and the group G is finitely presented (as an extension of finitely presented groups), it follows that (ρ n ) n has a subsequence (ρ n i ) i which converges in the pointnorm topology to a unitary representation ρ : G → U (H π ). Thus lim i→∞ ρ n i (g) − ρ(g) = 0 for all g ∈ G. It follows that Eρ(e r )E = 0. This implies that ρ cannot be a multiple of ω since in that case ρ would commute with E and we would have Eρ(e r )E = ω(e r )E = |ω(e r )| = 1. Decompose ρ into irreducible representations of G. At least one of those, denoted by γ, must be different from ω. Since lim i→∞ ρ n i (g) − ρ(g) = 0 for all g ∈ G, it follows that (ρ n i ) i and hence (π n i ) i converges to γ ∈ G \ {ω}.
Calabi (see [3] , [16] , [19] ) introduced a reduction method in the study of flat manifolds which highlights the central role of the manifolds with the first Betti number zero. In the context of Bieberbach groups this translates as follows. If G is a k-dimensional Bieberbach group then H 1 (G, Z) = G/[G, G] is a finitely generated abelian group. Thus if H 1 (G, Z) is not a finite group, then there is a surjective map G → Z. Its kernel G ′ is a (k − 1)-dimensional Bieberbach group [16, Prop. 3.1] and hence G admits a semidirect product decomposition
is not finite, one can repeat the procedure and "peel off" another copy of Z, etc.
Proof of Theorem 1.2 (i) ⇒ (ii) Suppose that G is a connective Bieberbach group. Then all its subgroups are connective, since connectivity passes to subgroups [5] . It follows then by Theorem 1.1 and Proposition 2.1 that every nontrivial subgroup of G has a nontrivial center.
(ii) ⇒ (iii) A Bieberbach group G with the property that every nontrivial subgroup of G has a nontrivial center is poly-Z by [9, Thm. 23] . Alternatively, one can invoke Calabi's method as explained above and write G as an iterated semidirect product
where either H is a Bieberbach group with finite first homology group (trivial center) or H = {1}. By assumption (ii) we see that H must be trivial and hence G is poly-Z.
(iii) ⇒ (i) Assume that G is a poly-Z Bieberbach group of dimension k ≥ 1. This means that G is constructed iteratively by starting with G 1 = Z, and then constructing G 2 , ...,
as a consequence of Proposition 3.3. Therefore if G i is connective, then G i+1 is also connective. This implication was previously pointed out in [17] under the stronger assumption that α i is a finite order automorphism of G i . Since G 1 = Z is connective, we use Corollary 3.2 to prove by induction that each G i is connective and hence so is G.
(i) ⇔ (iv) Since G is a virtually abelian group, C * (G) is a type I C * -algebra. Thus Prim(I(G)) = I(G) = G \ {ι}, see [8] . The desired equivalence follows now from the characterization of separable nuclear connective C * -algebras in terms of their primitive spectra as explained in the introduction, see [5] and [10] .
In the last part of the section we prove Corollary 1.3. A class G of finite groups is called stable if it closed under isomorphism of groups and if for any G in G, all quotients of G and all normal subgroups of G belong to G. For example we can take G to consist of all finite cyclic groups. If G is a stable class we construct a larger class G which consists of all iterated semidirect products ((
Lemma 3.4. If G is a stable class of finite groups, then G is also stable.
Proof. Let G be a finite group which has two subgroups N and S such that N is normal in G, N ∩ S = 1, and G = N S. In other words, G is the internal semidirect product of N with S, G ∼ = N ⋊ S. Suppose that n = |N | and s = |S| are coprime. The proof of the lemma follows by induction on the number r of factors in the iterated semidirect product, once we establish the following two properties:
where N ′′ is a normal subgroup of N and S ′′ is a normal subgroup of S.
To verify (a), we show that if π : G → G ′ is a surjective map then π(N ) ∩ π(S) = 1. Suppose that x ∈ N and y ∈ S satisfy π(x) = π(y). Then π(y n ) = π(x n ) = 1. Since n and s are coprime, there are p, q ∈ Z such that np − sq = 1. It follows that π(y) = π(y sq+1 ) = π(y n ) p = 1 and hence π(x) = π(y) = 1 as desired.
To verify (b), we consider the quotient map π : G → G/G ′′ and show that if we set N ′′ = ker(π| N ) ⊂ N and S ′′ = ker(π| S ) ⊂ S, then G ′′ = N ′′ S ′′ . Indeed, if g = xy with x ∈ N and y ∈ S satisfies π(g) = 1, then π(x) = π(y −1 ) and arguing as above we obtain π(x) = π(y −1 ) = 1. This shows that x ∈ N ′′ and y ∈ S ′′ .
Proof of Corollary 1.3 Let G be the class of all finite cyclic groups. Then G consists of groups isomorphic to iterated semidirect products ((Z/m 1 ⋊ Z/m 2 ) ⋊ · · · ) ⋊ Z/m r , with (m i , m j ) coprime for i = j and m i = 0. Let G be a Bieberbach group of dimension k whose holonomy group D is in G. We prove by induction on k that G is poly-Z and then apply Theorem 1.2 to conclude that G is connective. If k = 1 then G ∼ = Z and we are done. Suppose now that k > 1. By assumption, D belongs to the class G, and hence it is not primitive, as explained in Section 2. Therefore Since G is stable by Lemma 3.4, it follows that D ′ belongs to G. By the induction hypothesis, G ′ is poly-Z and therefore so is G, since G ∼ = G ′ ⋊ Z.
